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ON COMPLEMENTED SUBSPACES OF (2 L),

BY

E. ODELL'

ABSTRACT

It is shown that if X is a complemented subspace of (2 ), {1 < p <), then X
is isomorphic to either I, I, LP L, or (Z lz),pA If X is a complemented subspace
of C, (1 <p <) which does not contain an isomorph of (£1,), then X is
isomorphic to a complemented subspace of (£ C7),, D L.

0. Introduction

We prove (Theorem 1) that if X is a complemented infinite dimensional
subspace of Z, = (2 1,), (1<p <), then X is isomorphic to one of the four
spaces: b, I,, LD, or Z,.

Pelczynski [8] has shown that every complemented infinite dimensional
subspace of /, is isomorphic to [, and Edelstein and Wojtaszczyk [3] proved that
a complemented infinite dimensional subspace of I, @ [, is isomorphic to either
b, I, or I, @ L. Our result is thus a continuation of the work of these people (and
many others) in the study of the isomorphic structure of complemented
subspaces of L,.

It should be mentioned that G. Schechtman [11] has obtained our main result
under the additional assumption that X has an unconditional basis. He has also
exhibited the complex structure of Z, by exhibiting an infinite number of
mutually non-isomorphic complemented subspaces of L,, all of which embed
isomorphically into Z, [10].

The proof of the main result (Theorem 1) is given in Section 2. Section 1
introduces the notation which we employ. Unfortunately, while the ideas are not
difficult, notation necessary to present the proof of Theorem 2 is somewhat
complicated. We urge the interested reader to view Z, as an infinite matrix space
and construct his own diagrams and pictures as he proceeds.
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Section 3 is an extension of the techniques of Section 2 to the Banach space C,
of compact operators x on [, with || x || = (trace (x *x)?”*)""?. The result proved
(Theorem 3) is that if X is a complemented subspace of C, (1 < p < =) which
contains no isomorph of Z, then X is isomorphic to a complemented subspace of
=C3), Db

We wish to thank Professors W. B. Johnson and P. Wojtaszczyk for many
useful discussions regarding the material contained herein. In particular the
derivation of Theorem 1 from Theorem 2 is due to Professor Wojtaszczyk and
we wish to thank him for allowing us to reproduce here his proof.

1. Notation

We let (e;);,-: be the natural basis for Z,. Thus Z, is the Banach space of all
scalars (a;)7;—, such that

|33 ae

If n is any integer, Q. denotes the natural projection of Z, onto the first n
Hilbert spaces:

z(z

l

pl2\ 1p
(3e)) e

n 2

On( 2 2 aijeij) = 21 2 a;e; .
i i j=1i=
We let I be the identity operator on Z, and Q" =1- Q, is the natural
projection onto those Hilbert spaces past the first n.
For any integer | we define O, by

] !
Oi(z z aijeij) = 2 Z a‘-,-e‘-,» - Z ‘ ai;'eij-

7 7 j=1i=

This is the projection which restricts the support of a vector to those e; which lie
“outside’ the initial ! by I block of the basis.
If n <m, let

On,m:Qm_On; On,m:om_on‘
Finally by a staircase mapping R we mean an operator of the form
R = 0,04+ 004 o+ OpQupis+ -+

where (L)~, and (k:)7_, are increasing sequences of positive integers.
It is easy to see that all of the above operators are norm 1 projections on Z,.
Note that the range of Q. is isomorphic to [, and the kernel of a staircase
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mapping R is isomorphic to I, @ I,. The latter follows from the fact that if (s;) is
any sequence of integers, then (2 [3),, is isomorphic to a complemented subspace
of I, and hence to I, [8].

X will always refer to an infinite dimensional Banach space. We use standard
Banach space notation throughout and any terms or expressions not defined
above may be found in the book of Lindenstrauss and Tzafriri [7].

2. The main result

THEOREM 1. Let X be a complemented subspace of Z, (1 < p < ). Then X is
isomorphic to one of the four spaces I,, I, I, @1, or Z,

Theorem 1 follows from Theorem 2 and the results of [1].

THEOREM 2. Let X be a subspace of Z, (2 < p < x) which does not contain an
isomorph of Z, and let T be a projection of Z, onto X. Then for all ¢ > 0 there exists
an integer N and a staircase mapping R such that if y € Q~Z, then | RTy || =

ellyl

Proof of Theorem 1 from Theorem 2

By duality we may assume p>2 (the theorem is trivial for p =2). If X
contains an isomorph of Z, then by theorem 2.1 of {1} it contains a com-
plemented isomorph of Z, and thus by the decomposition method of Pelczynski
[8], X is isomorphic to Z, We may therefore assume that X satisfies the
hypothesis of Theorem 2.

Let 0< e <1/2(1+| T|)andlet R and N be as in the conclusion of Theorem
2. R is a mapping of the form

R = Ollomh ny + 0120"1'"2+ e

By considering the maximum of N and n, and redefining R if necessary we may
assume that n, = N.

Let S =1- RT, and note that S(X)C Ker R which, as observed above, is
isomorphic to I, @ I,. We shall show that S is an isomorphism of Z, onto Z,. But
then the restriction of STS™' to Ker R is a projection of Ker R onto S(X). Thus
by [3], S(X) and hence X itself is isomorphic to I,, I, or [, D L.

To see that S is an isomorphism of Z, onto Z,, write

S=1-RT=I1-RTQ" — RTQx.
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Since (RTQ~Y =0,1— RTQy is an isomorphism of Z, onto Z, with inverse
I+ RTOn. By Theorem 2,

[RTQ™| <& <1/Q||I+RTOQx|)

and thus I — RTOx — RTQ" = § is an isomorphism of Z, onto Z,. Q.E.D.

The rest of this section is devoted to the proof of Theorem 2. We begin with
some elementary remarks:

Let (y.) be a block basis of (e;) in Z, (2<p <x) and let (a;) be a finitely
non-zero sequence of scalars. Then

12

=(Zlafinr)

If in addition || Q;—y ,y« | = || Q;-1.;y: || for all j, k and [ then (cf. [10, p. 292])

~(Slafinr)”

@1 H > i

2.2) “ > awy

Our first lemma was essentially proved in [1]. Its importance to us is that our
key lemma (Lemma 2) is derived from it.

LemMma 1. Let X be a subspace of Z, (2<p <x) and assume that for every
integer n and K >0 there is a normalized block basis (z:) of (e;) with z. € X for
all i and such that (z) is 2-equivalent to the unit vector basis of l,. Assume also
that

(2.3) sup | Quzi || <1/K.
Then X contains an isomorph of Z,.

Proor. If z =X az; € X then by (2.1) and (2.3)

1/2
101=|3 60| = (S ar10aF)

15 ) =2
=2 (Slal) =gzl

Thus the entire span of the z; “sits” almost entirely in Q"Z,. The proof of
Theorem 2.1 of [1] yields the lemma. Q.E.D.

LEMMA 2. Let X and T be as in the statement of Theorem 2. Then there is an
integer n and a K < « so that for all integers m > n and 8 >0 there is an integer |
such that if y E O.Z, and ||y || =1 then either
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24) [ QunTy| =8
or
(2.5) |On Ty |=K[Q.Ty].

Proor. We shall show that if n and K fail the conclusion of the lemma, then
there is a normalized block basis (z;) C X which is 2-equivalent to the unit vector
basis of I/, and such that || Q.z; || = 1/K for all i. Since X contains no isomorph of
Z,, Lemma 1 implies that some n and K must satisfy the conclusion of the
lemma.

Thus let n and K be fixed and assume that there isan m > n and a § > 0 such
that no [ satisfies the conclusion of the lemma. Then there is a sequence (y;) in Z,
converging weakly to 0 with || y: || =1 and so that for all i, y; fails both (2.4) and
(2.5).

Let x, = Ty, /|| Ty: ||. Then (x;) is a weakly null sequence in X satisfying for all
L

2.6) | Qumxi|>8/|T|
and
2.7 | Qu i [|> K[| Qurc [

By passing to a subsequence if necessary we may assume that (x;) is a
normalized block basis of (e;), which by virtue of (2.6) (and p >2) is equivalent
to the unit vector basis of [,. We may also assume (again by passing to a
subsequence and perturbing slightly) that if n <j = m then for all i and k,

(2.8) Qv i | =1 Qs 2 [l -

By lemma 2.4 of [1] there is a normalized block basis (z;) of (x;) such that (z;)
is 2-equivalent to the unit vector basis of /,. For each i let

Z = 2 [0 7% 93

KEA;

where (A;) is a sequence of finite disjoint subsets of N.
By (2.1), (2.2), (2.7) and (2.8),

- ) 1/2< i , ) 1/2
" Onzi |= k;” Onakxk ” = K k;. a k” On, mXk "

1 1
=l Ozl = .

Q.E.D.



358 E. ODELL Israel J. Math.

Our next lemma, which is quite elementary, will be used below to choose N in
the proof of Theorem 2.

Lemma 3. Let T be an operator on Z, where p >2. Then for all « >0 and
every integer n there is an integer N = N(a, n) so that if x € Q"Z, then

2.9) lO-Tx|=alx].

Proor. If not then there is an a« >0 and an integer n so that for all N there is
an xy € OZ, with [lxx[|[=1 and

(2.10) 1 QuTxn | > a.

Clearly there is a subsequence (xx,) of (xn) which is equivalent to the unit
vector basis of [,. Since (Txy,) converges weakly to 0 we may assume (Txy,) is a
block basis of (e;). But then (2.10) implies that (Txy,) is equivalent to the unit
vector basis of L. This is impossible since p > 2. Q.E.D.

We are now ready to produce the desired staircase mapping R. For the sake of
clarity we first state one more lemma.

LEMMA 4. Let T be an operator on Z, (1 <p <x) and let (8:)7-0 be a given
sequence of positive numbers. Then there exist integers 0= uo<u;<--- and
0=10,<v,<---s0thatif E; = O, u.,,Z, then for all x € E; with || x | =1 we have

@.11) 10, Tx |+ - 0, )Tx||= 6.

This holds for all i 20 with the convention that Oy= O, = L

ProOF. Let uo=uv,=0 and let u, be arbitrary. Since the unit ball of
(I - O.,))Z, is compact we can find v, so that (2.11) holds for i = 0. Then choose
u,> u, so that if x € 0,,Z, with ||x || =1 then

[(I-0.,)Tx| < 8,/2.

This may be done since if x; € O,Z, and | x; | = 1 then Tx; converges weakly to 0.
By compactness again choose v, > v; so that if x € O, ,Z, and x| =1 then

|0, Tx| < 8.

Continuing in this way we can inductively construct (%) and (v;) so that (2.11)
holds for all i Q.E.D.
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Proof of Theorem 2

Let X and T be as in the statement of Theorem 2 and let £ >0. Let n and K
be as given in the conclusion of Lemma 2.

Since Q.Z, is isomorphic to /,, there is a constant ¢(n) <« so that if (y;) is a
normalized block basis of (e;) in Q.Z, then (y;) is ¢(n)-equivalent to the unit
vector basis of /.

Choose a >0 so that

(2.12) Kc(n)a <e/14.

Let N = N(a, n) satisfy the conclusion of Lemma 3 and let ()7, be any
sequence of positive numbers such that 8, < «/2 and for all j =1,

(2.13) 2 8<8..
i=j

Finally let (1), (v:) and (E:) be given by Lemma 4.
We shall construct staircase mappings R, and R, so thatif y € [Ex 70N O"Z,
(respectively y € [E;iJ-iNOZ,) and |y | =1 then

(2.14) R Ty|<e/2

(respectively || R, Ty || < /2). Theorem 2 follows by letting R be any staircase
mapping such that

RZ,CR.Z, N R.Z,.

Without loss of generality we may assume that v, > n. Repeated application of
Lemma 2 (for m = vy, and § = §;) yields for each j an odd integer s; which
satisfies the following condition:

If x € [E;]i~,, with || x | =1 then either

(2.15) [ On vy TX (=6
or
(2.16) I Qnory- T || = K[| QuTx |

Clearly we may assume s, <s;<--- and we define R, by
(217) Rl = Ou,IOn. v + Ov,ZOv,.vs+ 0053003. vs+ T

We check that R, satisfies (2.14). Let y = £/, y, E[Ex4 7N QVZ, ||y | =1,
where for each j =0



360 E. ODELL Israel J. Math.

(218) Yi € [Ei]?i;slj:»ll = Ou‘ +1. Us

TR AT

Z,.

(We let s, = —1 and recall that E; = O,, ...,.Z,.)
Now || y;||=1 for each j and so by (2.11), (2.13) and (2.18)

(2.19) I(I-0.)Ty; ||+ 0., Ty = 8, =85
Let us assume for the moment that the expression in (2.19) equals 0 so that
(2.20) Ty, €0.,.. 7Z for all j.
Now by (2.17) and (2.20),
(2.21) RiTy; = RO, o, Ty = Quo, Ty
By (2.15), (2.16), (2.20) and (2.21) for each j either

(2.22) IR . Ty =8

or

(2.23) R Ty, || = K|l Q.Ty; |-
Thus

IR Ty |2 RTy|

=(SIRTYF)"
=k(Slom ) +(S )"

= Kc(n)| Q.Ty ||+ 28,

<Ke(n)a+a<e/2.

The second line of the inequality follows from (2.1), the third line from (2.22) and
(2.23), the fourth line from (2.13) and the definition of ¢ (n) and the last line from
(2.12) the choice of 8.

The general case where we have (2.19) instead of (2.20) may be handied
similarly and we leave the reader to check the details.

The construction of R, is identical (except for notational changes) to that of
R.. Q.E.D.

REMARKS AND PROBLEMS.
1. By an argument similar to the one above it can be shown that if X is a
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complemented subspace of (2 1,),, (1 < g < p <=)then X is isomorphic to either
(2 1), orto a complemented subspace of (27-./3), @ This raises the following
question:

ProBLEM A. Describe the isomorphic types of complemented subspaces of
15,

2. Our result lends further credence to the following conjecture:

ProsLEM B. If X is a complemented subspace of L, (1 < p <) does X have
an unconditional basis?

It was proved in [6] that such an X has a basis.
3. It is possible that Theorem 2 generalizes to subspaces of L,. More precisely
we have

ProsLem C. Let X be a complemented subspace of L, (2< p <<x) which does
not contain an isomorph of Z,. Is X isomorphic to a subspace of I, P I,?

3. An application to C,

In this section we give an application of the above techniques to the space C,
(1 < p <) defined in the introduction. The isomorphic properties of C, were
discussed at some length by Arazy and Lindenstrauss in [2] and we shall not
attempt to repeat all that was said there. We shall recall however certain
properties of C, which will be used in the sequel and refer the reader to [2] and
the references listed there for the proofs of these properties. In what follows we
assume 1 < p <,

First if we let (e;)i=, be the unit vector basis of I, then if x € C,, x has a matrix
representation (x(i,j)) where

x(i,j}= (xe;, €;) (1=ij<w).
The operators (u;);;-1 given by
u (k, 1) = 848 (I=ijk 1<x)
form a basis for C, when suitably ordered.
Thus C, is a matrix space with a natural basis and we shall use our above
notation (e.g. Oy, Q. .. etc.) freely in C,. The operators I — O, Q., Q" and Q..

are all norm 1 projections in C,. Any projection O, .. or O, has norm =2.
Another natural bounded projection on C, is the triangle projection Pr given by
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x(L,j) izj
Prx(i,j)= {
0 j>i

If S is a staircase mapping on C, then there is a staircase mapping R so that
R(C,)C S(GC,) (thus R is a “smaller’” staircase than §) and such that |R || = M
where M is a constant depending only on || Pr |-

T, denotes the range of Pr and T, is known to be isomorphic to C,. We shall
often find it convenient below for notational purposes to work with T, rather
than G,.

S, = (£ C}), where Cj is the range of (I — O,). An argument similar to those
of propositions 1 and 3 and lemma 2 of [2] shows that if S is a staircase mapping
on T, then there is a staircase mapping R on T, with RT, C ST, and such that
Ker R is isomorphic to 1, S,.

If E,.=0,..2Z, for n=0,1,2,---, then (E,) is an unconditional finite
dimensional decomposition of C,. Also C, is uniformly convex and hence
super-reflexive.

Finally there is a constant K, < ® so that if (y;) is a norm 1 sequence in C, with
(y:) € O, ..., for some increasing sequence of integers (n;) then

(3.1) ”2 ay;

In [2] it was shown that there are at least 9 mutually non-isomorphic
complemented subspaces of C, and the question was raised as to whether or not

ng,,(z | a. ]2)”2 (p>2).

these are the only possible isomorphic types of complemented subspaces of C,.
The list as given there is: L, I, LD L, Z,, S, S, D 12, S, D Z,, (£ Q.C,),,, G,

Our next theorem gives a partial answer to the above question for those
complemented subspaces which do not contain an isomorph of Z,

THEOREM 3. Let X be a complemented subpace of C, (1< p <) such that X
contains no isomorph of Z,. Then X is isomorphic to a complemented subspace of

S, P L.

Our first lemma is similar in statement to lemma 2.5 of [1]. The proof uses an
averaging argument. For convenience we work with T, rather than C,.

LEMMA 5. Let Y be a subspace of T, (p >2) such that Y is isomorphic to [,.
Then for all 8 > 0 there is an integer n and an infinite dimensional subspace Z of Y
so that if z € Z then

(3.2) lozl=8]z].
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Proor. Let §>0 and let (y;) be a normalized basis for Y which is
C-equivalent to the unit vector basis of /.. By passing to a subsequence we may
assume that there are integers m,; < m,<--- so that for all i,

yi € O’"iv m.+|TP'

We may also assume that
(3.3) lim || Quy: || exists for all k<[

Let £ >0. We claim there is an integer k = k(¢) so that if [ >k, then
| Ow.1y: || < ¢ for all but a finite number of i. Indeed if this is false then for all k
there is an [ > k so that || Q. ,y. | Z ¢ for an infinite number of i and thus by (3.3)
for all but a finite number of i. In particular there are integers k, < |, < k,< [, <
.-+ so that for each j,

104y =

for all but a finite number of i.
Let r be any integer and choose y; so that

(34) “ Ok,. LY H z¢ for } =r.

Now (Qx..y:)j-1 is a (finite) montone basic sequence in C, and C, is
super-reflexive. Thus by a theorem of James [5] there is an n >0 and an integer s
(n and s depend only on p) such that

1=y |z N 3 Qo N

v

r /s
1( S 10ux.sil)
r t/s
=n( S10,m 1)

= ner'” (by (3.4)).

If r is large enough we have a contradiction and the claim is proved.
Let ¢ >0 be such that K,Ce <8 and let a >0 be such that

(3.5) K,.Ca<eg/2
and choose a sequence of positive numbers (a. ). satisfying

(3.6) S a.<a.



364 E. ODELL Israel J. Math.
We shall choose a subsequence (y;) of (y;) and an increasing sequence of integers
(k;) satisfying the conditions:

3.7 Qkyi=0 for all i

(3.8) I Qxoyill <oy it i>j.

To do this let y; = y, and let k, = k(a,). Let k, = max (k (a2), k) be such that
Q*y,=0 and let

L]:{i:“Okl,le:' ”<(11}-

By the above claim, N\ L, is a finite set. Choose y;€ (yi)ie., and let k; =
max (k», k (a;)) be such that Q*y;=0. Again by the claim if

Lo={i:| Oy | < a2},
the set N\ L, is finite and we choose

)’4 € (y.')ieLGL, .

In this manner we obtain the desired sequence (y}).
By taking long averages we shall produce a normalized block basis (z;) of (y3)
such that

(3.9) Oz |=e for all i.
This is sufficient to prove the lemma for if z = £ az;, then

lo*z||= |2 a0z

=k (Slablomr)”

=Ke(Slal) by (3.9)
< K,eC |z
<]z by (3.5).

To do this let n be such that

(3.10) Cn'P "2 < g2

n(i+1)—1 n@i+1)-1
Z.=(_21y§)/ > y}”-
j=ni+

j=ni+1

and define for i =0,
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We must show that | Q% z || = ¢ for all i and for simplicity of notation we shall
assume i =0 (the general case is identical).

Now,
| $-|or (51
G.11)
5 0wt g o 3 )]
But
6.12) 3 Ouneyt| = (B H0unyilr) =0
Also
%ol Z)|=E o (2]
6.13) =S k(S I0uyik) by e

=), Kan'" by (3.8).

If we put (3.11), (3.12) and (3.13) together and use the fact that |2} yi|=
C'n'” we get
| Q%zoll= Cn "*(n"? + aK,n'"*) < e.
Q.E.D.
Our next lemma is similar to Lemma 1.

LeMMA 6. Let X be a subspace of T, (2 < p <) and assume that for all n and
K there is a subspace Y C X so that Y is isomorphic to l, and || Q.y | £ 1/K ||y || for
all y € Y. Then X contains an isomorph of Z,.

Proor. If Y is a Hilbert subspace of T, then thereisa Y'C Y so that Y'is
2K, -isomorphic to ,. The proof of this statement is identical to the proof of
theorem 3.1 in [9]. By lemma 2.2 of [4] there is a normalized basic sequence (y:)
in Y such that [Zay: |Z3(Z]a [?)"?, and the result follows from (3.1).

Let ¢ >0. By the hypothesis on X and Lemma 5 there are Hilbert subspaces
W, C T,, a sequence of integers k; < k,<--- so that for all w € W,

Ok,,w + Okn-ﬂw = 0’
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and a subspace Z of X which is (1+ g)-isomorphic to W =[W,]. We may
assume by our initial remark that each W, has a normalized basis (w )i, which
is 2K, -equivalent to the unit vector basis of /; and such that

(3.14) wi € Op o,

for some increasing sequence of integers (/7 )i-1.
By passing to subsequences using a diagonal procedure we may also assume
that if n# m and i and j are given then there is an integer [ such that

(3.15) Owi=w; and Ow7 =0
(or Ow?T?=w7 and Ow} =0).

Thus by (3.14) and (3.15) (see p. 85 of [2]) if w, € W, for all n then

[ w=(S1wr)”

This shows that W and hence Z is isomorphic to Z,. Q.E.D.

Proor oF THeoREM 3. Let X be a subspace of T, which does not contain an
isomorph of Z, and let U be a projection of T, onto X. First we assume p >?2
and let ¢ >0. By Lemma 6, lemma 1 of [2] and the proof of Theorem 2 above
there is a staircase mapping R and an integer n so that if x € Q"T, then

iRUxjj=elx].

As we mentioned above R may be taken to have norm smaller than some
constant which depends only on p and such that Ker R is isomorphic to S, P L.

The same argument used in the proof of Theorem 1 from Theorem 2 shows
that there is an isomorphism S of T, onto T, so that S(X) is contained in Ker R
which is isomorphic to [, S,.

If 1 <p <2 the result follows by duality. Indeed if X contains no subspace
isomorphic to Z, then X* contains no isomorph of Z, (1/p + 1/q = 1) (we leave
this to the reader). Thus X * is isomorphic to a complemented subspace of S, B L
and so X is isomorphic to a complemented subspace of S, @ L. Q.E.D.
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